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Why convex optimization?

Optimization problems encountered in applications are typically nonlinear.

As discussed in Lecture Note #1 and #2, there are no general methods to tackle
nonlinear optimization problems, many of these problems are very difficult.

The first line of attack for solving such problems is local optimization: we try to
seek a point that is only locally optimal. For practical purposes, such a solution
may be good enough.

Many of these methods are fast and apply to wide varieties of situations.

However, their efficiency is a function of the number of variables: a problem with
10 variables if often challenging, a problem with 100 variables may prove
intractable.

Tuning an optimization algorithm (adjusting the parameters of the algorithm,
choosing an initial guess) is often more art than science.

In many situations, turning to global optimization techniques is necessary. Global
optimization is used for problems with a small number of variables, where
computing time is not critical, and the value of finding the true global solution is
high.
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Why convex optimization?

Convex optimization offers a reasonable compromise between suitability of the
mathematical formulation of the problem and its tractability.

Formulating an optimization problem as a convex approximation problem may be
a productive way to find a decent first solution.

Starting with a hard nonconvex approximate problem, we may first try to find a
convex approximation to the problem. By solving this approximate problem,
which can be done easily and without an initial guess, we obtain the exact
solution to the approximate convex problem. This point can then be used as the
starting point for a local optimization method, applied to the original nonconvex
problem.

There are many effective methods for solving convex optimization problems. Key
fact about these methods is that no information about the distance to the globally
optimal solution is required.

The message: if we can formulate an optimization problem as a convex
optimization problem, then we can solve it efficiently.
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Convex sets

A set C ⊂ Rn is called convex, if for any x , y ∈ C, the line segment joining x and
y is contained in C. In other words, if

αx + (1− α)y ∈ C, for any 0 ≤ α ≤ 1. (1)

In other words, for any two points in a convex set set, the line segment
connecting these points is contained in the set.

The first of the sets below is convex, while the second and third are not.
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Convex sets

Examples of convex sets:
(i) Lines.
(ii) Hyperplanes {x ∈ Rn : aTx = b}.
(iii) Halfspaces {x ∈ Rn : aTx < b}.
(iv) Polyhedra {x ∈ Rn : aTi x = bi , i ∈ E, and aTi x ≤ bi , i ∈ I}.
(v) Euclidean balls {x ∈ Rn : ‖x − x0‖ ≤ r}, where r > 0. Indeed,

‖αx + (1− α)y − x0‖ = ‖α(x − x0) + (1− α)(y − x0)‖
≤ α‖x − x0‖+ (1− α)‖y − x0‖
≤ αr + (1− α)r

= r .

(vi) Ellipsoids {x ∈ Rn : (x − x0)A−1(x − x0) ≤ 1}, where A ∈ Matn (R) is a
positive definite matrix.
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Cones

A set C ⊂ Rn is called a cone, if for any x ∈ C and θ > 0, θx ∈ C.

A set C ⊂ Rn is called a convex cone, if for any x1, x2 ∈ C and θ1, θ2 ≥ 0,
θ1x1 + θ2x2 ∈ C. In other words, C is both a cone and a convex set.

Here is a graphical representation of this condition:
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Examples of cones

Let ‖x‖ be a norm on Rn. The set C = {(x , t) ∈ Rn × R+ : ‖x‖ ≤ t}, called a
norm cone, is a convex cone.

In the case when ‖x‖ is the usual Euclidean norm, the norm cone is called the
second-order cone and will be denoted by Kn.
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Examples of cones

The set Pn
+ of positive semidefinite n × n matrices is a convex cone.

Indeed, if A,B ∈ Pn
+, θ, η ≥ 0, and u ∈ Rn, then

uT(θA + ηB)u = θuTAu + ηuTBu

≥ 0,

i.e. θA + ηB ∈ Pn
+.

A. Lesniewski Optimization Techniques in Finance



Convex sets and functions
Convex optimization problems and duality

Conic optimization
Applications: parameter estimation

Proper cones

A convex cone C is proper, if
(i) it is closed (it contains its boundary),
(ii) it is solid (has a nonempty interior),
(iii) it is pointed (it does not contain a line.)

Examples of proper cones include:
(i) the nonnegative orthant {x ∈ Rn : xi ≥ 0, i = 1, . . . , n},
(ii) the cone Pn

+ of positive semidefinite matrices,
(iii) the second order cone Kn.
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Operations preserving convexity

The intersection
⋂k

i=1 Ci of any number of convex sets Ci is convex.

The image f (C) of a convex set under an affine function f (x) = Ax + b is
convex. Indeed, if y1, y2 ∈ f (C), then there exist x1, x2 ∈ C such that

αy1 + (1− α)y2 = α(Ax1 + b) + (1− α)(Ax2 + b)

= A(αx1 + (1− α)x2) + b

which is an element of f (C) since αx1 + (1− α)x2 ∈ C.

The inverse image f−1(C) of a convex set under an affine function
f (x) = Ax + b is convex.
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Convex functions

Let C be a convex set. A function f (x) defined on C is convex, if

f (αx + (1− α)y) ≤ αf (x) + (1− α)f (y), (2)

for any x , y ∈ C and 0 ≤ α ≤ 1.

The inequality above defining a convex function is known as Jensen’s inequality.
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Convex functions

A function f (x) defined on a convex set C is strictly convex, if

f (αx + (1− α)y) < αf (x) + (1− α)f (y), (3)

for any x , y ∈ C and 0 ≤ α ≤ 1.

Let C be a convex set. A function f (x) defined on C is concave, if

f (αx + (1− α)y) ≥ αf (x) + (1− α)f (y), (4)

for any x , y ∈ C and 0 ≤ α ≤ 1.

Note that f (x) is concave if and only if −f (x) convex.

An affine function is both convex and concave.
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Properties of convex functions

The definition of a convex function is not always easy to verify in practice. Under
additional smoothness assumptions on this may become more manageable.
Below we let dom(f ) denote the domain of the function f (x).

First order conditions. Suppose that f (x) is (once) differentiable. Then it is
convex if and only if the following conditions are satisfied:

(i) dom(f ) is a convex set,
(ii) for all x , y ∈ dom(f ),

f (y) ≥ f (x) +∇f (x)T(y − x). (5)

Note that the right hand side in the inequality above is the first order Taylor
expansion of f (y) around y = x . It represents the hyperplane in Rn tangent to
f (y) at y = x .
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Properties of convex functions

Geometrically, this condition can be visualized as follows.
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Properties of convex functions

Second order conditions. Suppose now that f (x) is twice differentiable. Then it is
convex if and only if the following conditions are satisfied:

(i) dom(f ) is a convex set,
(ii) for all x ∈ dom(f ), the Hessian of f (x) is a positive-semidefinite matrix

∇2f (x) ≥ 0. (6)

The function is strictly convex, if its Hessian is a positive definite matrix.
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Examples of convex functions

The exponential function f (x) = exp(ax), where a ∈ R, is convex on R.

The power function f (x) = xa, x > 0, is convex, when a ≤ 0 or a ≥ 1, and
concave, when 0 ≤ a ≤ 1.

Negative entropy f (x) = x log(x) is convex on its domain.

The Rosenbrock function introduced in Lecture Notes #1 is neither convex nor
concave over R2.

f (x , y) = x2/y is convex over R× R+.

The quadratic form f (x) = 1
2 xTPx , x∈ R, where is a positive semi-definite matrix

P ≥ 0 is convex. Indeed, its Hessian is given by

∇2f (x) = P.

It is strictly convex, if P is positive definite.
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Properties of convex functions

The following operations preserve convexity:
(i) If fi (x), i = 1, . . . , k , are convex, and βi > 0, then

f (x) = β1f1(x) + . . .+ βk fk (x)

is convex.
(ii) If f (x) is convex and A ∈ Matnm(R), b ∈ Rm, then the composed function

g(x) = f (Ax + b)

is convex.
(iii) If fi (x), i = 1, . . . , k are convex, then

f (x) = max
(
f1(x), . . . , fk (x)

)
is convex.

(iv) If f (x) is convex and g(y), y ∈ R, is convex and nondecreasing, then

h(x) = g
(
f (x)

)
is convex.
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Convex optimization problems

A standard form convex optimization problem is formulated as follows:

min
x∈Rn

f (x), subject to

{
aTi x = bi , if i ∈ E,
ci (x) ≤ 0, if i ∈ I.

(7)

where the objective function f (x) and the constraints ci (x) are convex functions
on Rn, and where ai and bi are constant vectors.

Note that, in a convex optimization problem, the equality constraints are
assumed to be linear.

This condition guarantees that the feasible set of feasible points of a convex
optimization problem is convex.
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Convex optimization problems

Example. The following problem

min x2
1 + x2

2 , subject to

{ x1
1+x2

2
≤ 0,

(x1 + x2)2 = 0,

is not convex according to our definition (because the first constraint is not a
convex function, and the second constraint is not linear). Perversely, the feasible
set {(x1, x2) : x1 ≤ 0, x2 = −x1} is convex.

The following, equivalent but not identical, problem is convex:

min x2
1 + x2

2 , subject to

{
x1 ≤ 0,
x1 + x2 = 0.
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Examples of convex optimization problems

The unconstraint least square problem

f (x) =
1
2

n∑
i=1

(
(Ax)i − vi

)2
, x ∈ Rn, (8)

where vi ∈ R, A∈ Matn (R), is convex. Indeed, we verify that ∇2f = ATA which is
positive semidefinite.

On the other hand, the unconstraint nonlinear least square (NLS) problem

f (x) =
1
2

n∑
i=1

(
ϕi (x)− vi

)2
, x ∈ Rn, (9)

may or may not be convex, depending on the functions ϕi (x).
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Properties of convex optimization problems

Fundamental Property 1. Any local minimum of a convex function f (x) in a
convex set C is also a global minimum.

The proof goes by contradiction. If a local minimum x∗ is not global, then we can
find y ∈ C, such that f (y) < f (x∗). Thus, by convexity,

f (αx∗ + (1− α)y) ≤ αf (x∗) + (1− α)f (y)

< f (x∗),

for all 0 < α < 1.

In other words, since C is convex, f (x) is strictly less than f (x∗) along the line
segment connecting y to x∗, regardless of how close x is to x∗. This contradicts
the assumption that x∗ is a local minimum, which proves the claim.

In the following, we will denote the optimal value of f (x) by f∗:

f∗ = f (x∗). (10)
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Properties of convex optimization problems

Fundamental Property 1 does not assert that local minima of convex functions
exist.

There are various results guaranteeing the existence of minima of a convex
function that can be found in the literature [1].

An example is the classic Weierstrass’ theorem.

Fundamental Property 2. If the domain dom(f ) of a continuous function f (x) is
closed and bounded, then it attains its minima.

In particular, a convex function with bounded dom(f ) has a unique global
minimum.
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Example: unconstrained quadratic optimization

Consider the problem of minimizing the convex function

f (x) =
1
2

xTAx + bTx + c, x ∈ Rn,

where A is a positive semidefinite matrix, b ∈ Rn, and c ∈ R.

The optimality condition reads:

Ax + b = 0,

and we have the following possibilities:
(i) if A is invertible (i.e. it is positive definite), there is a unique solution

x∗ = −A−1b.
(ii) if A is not invertible and b is not in the range of A, there is no solution, and

f (x)→ −∞, as ‖x‖ → ∞ along certain directions.
(iii) if A is not invertible and b is in the range of A, there are infinitely many

solutions.
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Dual Lagrange function
Recall from Lecture Notes #2 that the Lagrange function corresponding to the
optimization problem (7) is defined by:

L(x , λ) = f (x) + λTc(x), (11)

where λ ∈ Rm is a vector of Lagrange multipliers corresponding to the (equality
and inequality) constraints defining the feasible set Ω.
The Lagrange dual function is defined as

q(λ) = inf
x∈Ω

L(x , λ)

= inf
x∈Ω

(
f (x) + λTc(x)

)
.

(12)

Notice that q(λ) has the following properties:
(i) It is concave.
(ii) It is a lower bound for f∗: if λi ≥ 0, for i ∈ I, then

q(λ) ≤ f∗. (13)
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Dual Lagrange function

(i) is true, because for 0 ≤ α ≤ 1

q(αλ+ (1− α)µ) = inf
x∈Ω

(
f (x) + (αλ+ (1− α)µ)Tc(x)

)
= inf

x∈Ω

(
α(f (x) + λTc(x)) + (1− α)(f (x) + µTc(x))

)
≥ αq(λ) + (1− α)q(µ),

as inf
(
u(x) + v(x)

)
≥ inf u(x) + inf v(x).

(ii) is true, because if x is any feasible point, then

f (x) ≥ f (x) + λTc(x)

≥ inf
x∈Ω

L(x , λ)

= q(λ).

Now we take the minimum over all feasible points.
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Dual Lagrange function: example

Example. Consider the problem:

min
1
2

xTx subject to Ax = b.

The Lagrange function is L(x , λ) = 1
2 xTx + λT(Ax − b).

Its minimum over x is at x = −ATλ. Plugging this into L(x , λ), we find that

q(λ) = −
1
2
λTAATλ− bTλ.

From the lower bound property of the dual Lagrange function we conclude that

f∗ ≥ −
1
2
λTAATλ− bTλ,

for all λ.
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Dual Lagrange function: entropy maximization

Example. Consider the problem of entropy maximization:

min
p

n∑
i=1

pi log(pi ) subject to

{
Ap ≤ b,∑n

i=1 pi = 1.

The Lagrange function is

L(p, λ) =
n∑

i=1

pi log(pi ) +
n∑

i=1

λi (Ap − b)i + λn+1

( n∑
i=1

pi − 1
)
.

Its minimum over p is at pi = exp
(
− 1− λn+1 − (ATλ)i

)
. Plugging this into

L(p, λ), we find that the dual Lagrange function is given by

q(λ) = −
n∑

i=1

λi bi − λn+1 − e−λn+1−1
n∑

i=1

e−(ATλ)i .
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The dual problem

The Lagrange dual problem is

max
λ

q(λ) subject to λi ≥ 0, for i ∈ I. (14)

This is a convex optimization problem, as g(λ) is a concave function.

In fact, this is a convex optimization problem, regardless of whether the original
(primal) problem is convex or not.

Its solution q∗ provides the best lower bound for the primal problem.

Recall from Lecture Notes #3 that the primal and dual problems in LP read:

min cTx , subject to

{
Ax = b,
xi ≥ 0, for i = 1, . . . , n.

and

max bTy , subject to

{
ATy + s = c,
si ≥ 0, for i = 1, . . . , n.

A. Lesniewski Optimization Techniques in Finance



Convex sets and functions
Convex optimization problems and duality

Conic optimization
Applications: parameter estimation

Weak duality theorem

The optimal value q∗ of the dual problem is the best lower bound on f∗ that can
be obtained from the Lagrange dual function.

In particular, we have the following important inequality:

q∗ ≤ f∗ (15)

This property is called weak duality. It holds even if the original problem is not
convex.

Weak duality holds also when f∗ and q∗ are infinite.

The difference f∗ − q∗ ≥ 0 is called the duality gap.

If the equality
q∗ = f∗ (16)

holds, i.e., the duality gap is zero, then we say that strong duality holds.

This means that the best bound that can be obtained from the Lagrange dual
function is saturated.
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Strong duality theorem and constraints qualification

In general, strong duality does not hold.

If, however, the primal problem is convex, strong duality holds under some
additional conditions, called constraint qualifications.

Various constraint qualifications conditions have been studied. One simple
example that we will discuss below is Slater’s condition.

Informally speaking, Slater’s condition requires that the feasible set contains
interior points with the property that the inequality constraints hold in the strict
sense at those points.

Recall that the interior int C of a set C ⊂ Rn is defined by:

int C = {x ∈ C : there is r > 0, such that Br (x) ⊂ C}, (17)

where Br (x) = {y ∈ Rn : ‖y − x‖ < r} is the open ball of radius r centered at x .

For example, int[0, 1] = (0, 1).
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Constraint qualifications: Slater’s condition

The notion of the relative interior of a set is a refinement of the concept of the
interior, which is often more natural in optimization.

The affine hull aff C of a set C ⊂ Rn is defined by

aff C =
{ k∑

j=1

θj xj , where xj ∈ C, and θj ∈ R,
k∑

j=1

θj = 1
}
. (18)

In other words, aff C is the smallest affine set A containing C, i.e. the smallest
set A such that a line through any two points of A is contained in A.

For example:
(i) The affine hull of two different points is the line through these points.
(ii) The affine hull of three non-colinear points is the plane through them.
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Constraint qualifications: Slater’s condition

The relative interior relint C of a set C ⊂ Rn is defined by:

relint C = {x ∈ C : there is r > 0, such that Br (x) ∩ aff C ⊂ C}. (19)

Example. Consider the set

C = {x ∈ R3 : |x1| ≤ 1, |x2| ≤ 1, x3 = 0}.

It is clear that in this case

aff C = {x ∈ R3 : x3 = 0},

and
relint C = {x ∈ R3 : |x1| < 1, |x2| < 1, x3 = 0}.
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Constraint qualifications: Slater’s condition

Slater’s condition: There exists a point x ∈ relint Ω of the feasible set Ω, such that

aTi x = bi , for i ∈ E,
ci (x) < 0, for i ∈ I.

(20)

Such a point x ∈ relint Ω is called strictly feasible.

It is clear why the concept of the relative interior is more natural than that of
interior: in the presence of equality constraints, Slater’s condition would never be
satisfied with int Ω replacing relint Ω.

Assuming Slater’s condition:
(i) Strong duality holds.
(ii) If q∗ > −∞, then the optimal value is attained: there exists λ∗ such that

q(λ∗) = q∗ = f∗.

In the following, we will also write the equality constraints using matrix notation:

Ax = b. (21)

A. Lesniewski Optimization Techniques in Finance



Convex sets and functions
Convex optimization problems and duality

Conic optimization
Applications: parameter estimation

Constraint qualifications: Slater’s condition

It is easy to see that Slater’s condition holds for the last two examples.

For the least square solution of a linear system, it just states that the primal
system is feasible, provided that the vector b is in the range of the matrix A.

For the entropy maximization example, Slater’s condition says that there exists
p ∈ Rn with p ≥ 0,Ap ≤ b and

∑n
i=1 pi = 1.
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Constraint qualifications: Slater’s condition

Recall that the necessary first order KKT conditions read: Let x∗ be the solution
to (7), and assume that x∗ is regular. Then there exists a unique vector of
Lagrange multipliers λ∗i , i = 1, . . .m, such that

∇f (x∗) +
m∑

i=1

λ∗i ci (x∗) = 0,

ci (x∗) = 0, for i ∈ E,
ci (x∗) ≤ 0, for i ∈ I,

λ∗i ci (x∗) = 0, for i ∈ I,
λ∗i ≥ 0, for i ∈ I.

(22)

Note that the second order condition is automatically satisfied, since the
objective function and constraints are convex.

Question: for convex problems, are these conditions also sufficient?
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Constraint qualification: Slater’s condition

The answer is yes, if the problem satisfies Slater’s condition.

Under Slater’s condition, x∗ is optimal if and only if there exist λ∗ that satisfy the
KKT conditions.

Slater’s condition implies strong duality, and the dual optimum is attained.

The first order KKT conditions generalize the optimality condition ∇f (x∗) = 0 for
unconstrained problems.

We will see in the following that they are of great practical relevance.
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Optimality criteria for convex optimization problems.

In summary, the following optimality criteria follow from the KKT criteria.
(i) No constraints. x∗ is optimal if and only if

∇f (x∗) = 0. (23)

(ii) Equality constraints only. x∗ is optimal if and only if there exists λ∗ ∈ Rm

such that

∇f (x∗) + ATλ∗ = 0,

Ax = b.
(24)

(iii) Equality and inequality constraints with Slater’s condition. x∗ is optimal if
and only if there exists λ∗ ∈ Rm such that the KKT conditions are satisfied.
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Example: optimization over the nonnegative orthant

Example. Consider the minimization problem over the nonnegative orthant:

min f (x) subject to xi ≥ 0, i = 1, . . . , n. (25)

The KKT conditions read

∇f (x∗) = λ∗,

x∗i ≥ 0,

λ∗i ≥ 0,

λ∗i x∗i = 0,

(26)

for i = 1, . . . , n.
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Example: water-filling
Consider the convex optimization problem:

min −
n∑

i=1

log(xi + αi ), subject to

{∑n
i=1 xi = 1,

xi ≥ 0, for i = 1, . . . , n.

The Lagrange function is

L(x , λ) = −
n∑

i=1

log(xi + αi ) +
n∑

i=1

λi xi + λn+1

( n∑
i=1

xi − 1
)
,

and the KKT conditions read: for i = 1, . . . , n,

x∗i ≥ 0,
n∑

i=1

x∗i = 1,

λ∗i ≥ 0,

λ∗i x∗i = 0,

−
1

x∗i + αi
+ λ∗i + λn+1 = 0.
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Example: water-filling

Solving this system yields:
(i) λ∗i = 0 and x∗i = 1/λ∗n+1 − αi , if λ∗n+1 < 1/αi .
(ii) λ∗i = λ∗n+1 − 1/αi and x∗i = 0, if λ∗n+1 ≥ 1/αi .
(iii) λ∗n+1 is uniquely determined from the condition

∑n
i=1(1/λ∗n+1 − αi )

+ = 1.

One way of interpreting this problem is as follows. αi is the ground level above
patch i . We flood the region with water to a depth 1/λ∗n+1, as shown in the figure
below. The total amount of water is

∑n
i=1(1/λn+1 − αi )

+. We then increase the
flood level until a total amount of water, equal to one, is used. The depth of water
above patch i is then the optimal value x∗i .
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Formulation of the problem

Conic optimization problems are among the simplest (and frequently showing up
in applications) convex optimization problems, which have a linear objective
function, and a single generalized inequality constraint function.

Specifically, a conic optimization problem in standard form is formulated as
follows:

min f (x) subject to

{
Ax = b,
x ∈ C,

(27)

where C is a convex cone in Rn.

Note that in the special case of C = Rn
+, (27) becomes an LP problem!

In addition to LP, conic optimization includes two other important categories of
optimization problems: second-order programming and semidefinite
programming.
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Second-order programming

What happens when we intersect the second-order cone with a hyperplane? We
obtain an ellipsoid.

This leads to the following class of optimization problems.

Let ‖x‖ denote the Euclidean norm. We call a constraint of the form

‖Ax + b‖ ≤ cTx + b, (28)

where A ∈ Matkn(R) a second-order cone constraint. The condition is the same
as requiring the vector (Ax + b, cTx + d) to lie in the second-order cone Kk in
Rk+1.

A second-order cone program (SOCP) is formulated as follows:

min f Tx subject to

{
Fx = g,
‖Ai x + bi‖ ≤ cTi x + bi , for i ∈ I,

(29)

where f ∈ Rn,Ai ∈ Matni n(R).
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Second-order programming

In other words, the inequality constraints in an SOCP are second order cone
constraints.

Convex optimization programs with quadratic inequality constraints can be
converted into an SOCP.

Consider a constraint of the form

xTPx + qTx + r ≤ 0, (30)

where P is positive definite, and such that qTP−1q − 4r ≥ 0.

Then there exists a non-singular matrix R such that P = RRT (take e.g. the
Cholesky decomposition), and the constraint reads

(RTx)TRTx + qTx + r ≤ 0.
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Second-order programming

Completing the squares, we rewrite the inequality above as

(
RTx +

1
2

R−1q
)T(RTx +

1
2

R−1q
)
≤

1
4

qTP−1q − r .

Introducing new variables y = RTx + R−1q/2, we see that (30) is equivalent to
the following second-order constraint (along with equality constraints):

y = RTx +
1
2

R−1q,

y0 =
1
2

√
qTP−1q − 4r ,

(y0, y) ∈ Kn.

(31)

SOCPs arise in portfolio management, we will discuss an application in Lecture
Notes #5.
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Semidefinite programming

Semidefinite programming problems (SDP) arise whenever there is need to
estimate a covariance matrix from the data. For example:

(i) In portfolio management, we need to estimate, from the data, the
covariance matrix of returns of the assets.

(ii) In a multi-factor terms structure of interest rates, we need to estimate the
covariance matrix of the factors driving the interest rate process.

Specifically, a semidefinite problem arises when the cone C in (27) is the cone
Pn

+ of positive semidefinite matrices:

min cTx subject to

{
Ax = b,
x1F1 + . . .+ xnFn + G ∈ Pn

+,
(32)

where Fi ∈ Sk , i = 1, . . . , n and G ∈ Sk are symmetric matrices of dimension k
(their set is denoted by Sk ).
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Semidefinite programming

A standard form semidefinite problem is formulated as follows:

min tr(CX) subject to

{
tr(Ai X) = bi , for i ∈ I,
X ∈ Pn

+,
(33)

where C ∈ Sn and Ai ∈ Sn are symmetric.

As in the case of LP, in the standard form SDP, we minimize a linear function of
the variable, subject to linear equality constraints, and a nonnegativity constraint
on the variables.
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Maximum likelihood estimation

An important class of problems in finance which can be solved by means of
convex optimization includes a variety of data fitting and model estimation
problems.

Maximum likelihood estimation (MLE) is a methodology used to estimate the
parameters in a probability distribution from a set of observations.

The observations y1, . . . , yN may come (but do not have to) in the form of a time
series of asset prices, credit spreads, economic numbers, etc.

We assume that the observations are independent draws from a parametrically
given probability distribution p(y |θ), where θ1, . . . , θn are the unknown
parameters of the distribution.
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Maximum likelihood estimation

The underlying principle of MLE is that θ is chosen so that it maximizes the
probability p(y1|θ) . . . p(yN |θ) of the observed set.

In other words, we seek to maximize the likelihood function

L(θ|y) =
N∏

j=1

p(yj |θ). (34)

Equivalently, we seek to minimize the log likelihood function − logL(θ|y).

MLE problems are, in general, not convex. In a number of lucky situations, they
are.
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Maximum likelihood estimation
Consider the linear model discussed, whose special case was discussed in
Lecture Notes #1 (using a slightly different notation). We assume that

y = Ax + ε, (35)

where
(i) x ∈ Rn is the vector of unknown parameters (to be estimated),
(ii) y ∈ Rm is the vector of observations,
(iii) ε ∈ Rm is the vector of residuals; they are assumed to be random i.i.d.

variables with a known parametric probability density function (PDF) p(ε).
The likelihood function of x given the observations y reads

L(x |y) =
m∏

i=1

p
(
yi − (Ax)i

)
, (36)

and so the goal is to minimize the log likelihood function

− logL(x |y) = −
m∑

i=1

log p
(
yi − (Ax)i

)
. (37)
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Maximum likelihood estimation
If the noise is Gaussian ε ∼ N(0, σ2), i.e. p(ε) = (2πσ2)−1/2 exp(−x2/2σ2),
then

− logL(x |y) =
m
2

log(2π2) +
1

2σ2

m∑
i=1

(
yi − (Ax)i

)2
, (38)

and the problem reduces to minimizing the L2-norm

‖y − Ax‖2
2 =

m∑
i=1

(
yi − (Ax)i

)2
. (39)

If the noise is Laplace distributed, p(ε) = (2a)−1 exp(−|ε|/a), a > 0, then

− logL(x |y) = m log(2a) +
1
a

m∑
i=1

∣∣yi − (Ax)i
∣∣, (40)

and the problem reduces to minimizing the L1-norm

‖y − Ax‖1 =
m∑

i=1

∣∣yi − (Ax)i
∣∣. (41)
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Maximum likelihood estimation

Counting processes are used to model event risk, such as credit default, loan
prepayment, or trade fill.

An example of a distribution used is the Poisson distribution, according to which
the number of events Y has the distribution

Prob(Y = k) =
λk

k!
e−λ, (42)

where λ > 0 is the event intensity.

We may model the intensity λ as a linear function of a vector of observable
factors x ∈ Rn,

λ = aTx + b (43)

and the goal is to estimate the parameters a and b.
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Maximum likelihood estimation

The likelihood function of a dataset {x1, . . . , xm}, {y1, . . . , ym} reads

L(a, b|x1, . . . , xm, y1, . . . , ym) =
m∏

i=1

(aTxi + b)yi

yi !
e−(aTxi +b), (44)

and thus the problem is to minimize the log likelihood function

− logL(a, b|x , y) =
m∑

i=1

(
aTxi + b − yi log(aTxi + b) + log yi !

)
. (45)

The optimal parameters a∗ and b∗ are thus the (unique) solutions to the
following convex optimization problem:

min
m∑

i=1

(
aTxi + b − yi log(aTxi + b)

)
. (46)
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Maximum likelihood estimation

Oftentimes, in event modeling, the event has a binary outcome Y ∈ {0, 1}, and

Prob(Y = 1) = p,

Prob(Y = 0) = 1− p.
(47)

The outcomes of such events can be modeled by means of logistic regression:

p =
exp(aTx + b)

1 + exp(aTx + b)
(48)

where x is the observed vector of factors impacting the outcomes.
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Maximum likelihood estimation

Given a set of observations (xi , yi ) (remember, yi ∈ {0, 1}), we can write the
likelihood functions as

∏
i: yi =1

pi
∏

i: yi =0

(1−pi ) =
∏

i: yi =1

exp(aTxi + b)

1 + exp(aTxi + b)

∏
i: yi =0

1
1 + exp(aTxi + b)

. (49)

Minimization of the log likelihood function

− logL(a, b|x , y) =
m∑

i=1

log
(
1 + exp(aTxi + b)

)
−
∑

i: yi =1

(aTxi + b) (50)

is convex, and so the problem can be solved by means of convex optimization.
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Maximum likelihood estimation

Suppose that Y is an n-dimensional Gaussian random variable, and our task is
to estimate the covariance matrix C of Y from a set of observations yi ∈ Rn,
i = 1, . . . ,N.

The PDF of Y is p(y) = (2π)−n/2 det(C)−1/2 exp
(
− 1

2 yTC−1y
)
, and so the

log likelihood function is given by

− logL(C|y1, . . . , yN ) =
1
2

N∑
j=1

yTi C−1yi +
N
2

log det(C) +
Nn
2

log(2π)

=
N
2

tr
(
ĈC−1)+

N
2

log det(C) +
Nn
2

log(2π),

where

Ĉ =
1
N

N∑
j=1

yi yTi

is the sample estimate of the covariance.
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Maximum likelihood estimation

The optimization problem is thus:

min tr
(
ĈC−1)+ log det(C) subject to C ∈ Pn

+, C invertible.

It is sometimes convenient to substitute S = C−1 (S is called the precision
matrix, and formulate the problem as

min tr
(
ĈS
)
− log det(S) subject to S ∈ Pn

n, S invertible.

The problem has an explicit solution C∗ = Ĉ, i.e. the sample covariance is the
MLE estimate of the covariance matrix.

From the perspective of financial applications, this solution has serious
shortcomings. The number of parameters in C is n(n + 1)/2, which is quadratic
in the number of dimensions of the problem. For large numbers of dimensions,
the sample covariance matrix may be poorly conditioned (or outright singular).

We will return to this issue later in these notes.
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Kullback-Leibler divergence

The Kullback-Leibler (KL) divergence between two (discrete) probability
distributions p = (p1, . . . , pn) and q = (q1, . . . , qn), where pi > 0, qi > 0 for
each i , is defined by

KL(p‖q) =
n∑

i=1

pi log
pi

qi
. (51)

If p(x) and q(x) are continuous PDFs, their KL divergence is defined by the
integral

KL(p‖q) =

∫
p(x) log

p(x)

q(x)
dx . (52)
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Kullback-Leibler divergence

First Key Property of the KL divergence. KL(p‖q) is convex both in p and in q.

Indeed, the Hessian ∇2
pKL(p‖q) is

∇2
pKL(p‖q) =


1/p1 0 . . . 0

0, 1/p2 . . . 0
...

... . . .
...

0 0 . . . 1/pn

 ,

which is positive definite. The proof of convexity in q is similar.
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Kullback-Leibler divergence

Second Key Property of the KL divergence. KL(p‖q) is nonnegative:

KL(p‖q) ≥ 0. (53)

Indeed, consider a minimum of KL(p‖q). Since the argument p satisfies the
constraint

∑
i pi = 1, we are led to the following Lagrange function:

L(p, λ) = KL(p‖q) + λ
(∑

i

pi − 1
)
.

Its critical points are given by

log
p∗i
qi

+ 1 + λ∗ = 0, for i = 1, . . . , n.∑
i

p∗i − 1 = 0.
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Kullback-Leibler divergence

Solving this system yields:

λ∗ = −1,

p∗i = qi .

However, KL(p∗‖p∗) = KL(q‖q) = 0. Since KL(q‖q) is convex p∗ must
correspond to an absolute minimum. Hence, (53) must hold.

Note that, unlike conventional measures of distance, the KL divergence is, in
general, not symmetric in p and q,

KL(p‖q) 6= KL(q‖p). (54)
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Kullback-Leibler divergence

There is a close, practically important connection between between MLE and KL
minimization.

Consider a discrete random variable X and a dataset of N observations
x1, . . . , xN of X . The observations are not necessarily all different, and we will
organize them into groups of different outcomes.

Assuming that X is distributed according to q(x |θ), the log likelihood function of
the dataset is

− logL(θ|x1, . . . , xN ) = −
N∑

j=1

log q(xj |θ)

= −
∑

diff outcomes

Nj log q(xj |θ)

where Nj is the count of the outcome xj .
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Kullback-Leibler divergence

This can be rewritten as

−
1
N

logL(θ|x1, . . . , xN ) = −
∑

j

pj log q(xj |θ)

= KL(p‖q(θ))−
∑

j

pj log pj

= KL(p‖q(θ)) + H(p).

where pj = Nj/N is the frequency of the outcome xj , and it defines an empirical
probability distribution.

H(p) is the entropy of the empirical distribution p, and is a known constant.

Consequently, finding the parameters θ via MLE is equivalent to finding the
minimum of the KL distance between the model distribution q(x |λ) and the
empirical distribution p!
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Regularized approximation

Typically, estimation problems are ill posed, meaning that the number of
parameters to be estimated is smaller than the number of data points.

Ill posed problems are somewhat of a pariah according to classical mathematics
(Hadamard), as they do not have unique solutions.

They are, however, very welcome in data science, as they tend to lead to robust
approximate solutions. Stable algorithms for solving ill posed problems typically
require using regularization.

The most common regularization is Tikhonov’s regularization, which is implicitly
present in the Levenberg-Marquardt algorithm, and which leads to ridge
regression in statistics.
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Tikhonov’s regularization

Suppose that we wish to solve the equation

Ax = b, (55)

that arises in an estimation problem. Here A ∈ Matmn(R) is a square matrix.

The linear regression approach consists in minimizing the Euclidean norm
‖Ax − b‖2

2.

We may have a preference for a solution which has smaller values x , i.e. we
would like to keep ‖x‖2

2 small.

To this end, we consider the objective function in which both terms are present
and seek solution to

min ‖Ax − b‖2
2 + λ‖x‖2

2. (56)

Here, λ > 0 is the shrinkage parameter that measures the trade-off between the
two terms.

This way of modifying an ill posed problem is an example of Tikhonov’s
regularization.
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Tikhonov’s regularization

More generally, one may consider the optimization problem

min ‖Ax − b‖2
2 + λ‖Γx‖2

2, (57)

in which the vector Γx is kept small.

It has a closed form solution

x∗ = (ATA + λΓTΓ)−1ATy , (58)

which is known as ridge regression.

Note how increasing λ impacts the solution by putting more emphasis on the
regularization term.

The value of the parameter λ may be determined by cross-validation.
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L1-norm regularization (LASSO)

Another form of regularization assumes the L1-norm as the regularization term
(a.k.a. LASSO):

min ‖Ax − b‖2
2 + λ‖x‖1. (59)

(59) is a convex quadratic problem (but not strictly convex).

Unlike ridge regression, the LASSO has no closed form solution.

An important feature of the LASSO is that, for λ large enough, some
components of the optimal x∗ are exactly zero.

This is particularly relevant in situations when one believes that some x∗i should
be zero, and seeks a sparse solution.

For this reason, the LASSO is used in machine learning as a model selection tool
allowing to remove some features among a (possibly large) number of features.
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L1-norm regularization (LASSO)

Extensions of the L2 and L1 regularizations are plentiful.

The elastic net regularization (Zou and Hastie [4]) combines the Tikhonov and
the LASSO regularization in a linear fashion:

min ‖Ax − b‖2
2 + λ2‖x‖2

2 + λ1‖x‖1, (60)

where λ1, λ2 > 0.

The elastic net regularization encourages sparsity but, at the same time, it
addresses some of the shortcomings of the pure LASSO model.

Unlike the LASSO, the elastic net regularization leads to a strictly convex
optimization problem.
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Covariance matrix estimation with shrinkage
We return to the issue of estimation of (large) covariance matrix estimation. A
popular approach (due to Ledoit and Wolf [3]) consists in finding a linear
combination

C∗ = (1− α)Ĉ + αλI (61)

of the sample covariance matrix and the identity matrix, which “best”
approximates the unknown covariance matrix C.
In order to formulate the problem we need a measure of distance between
matrices,

‖A‖2 =

√
1
n

tr(ATA) (62)

the Frobenius norm of the matrix A. It comes associated with the inner product
on Matn (R):

(A,B) =
1
n

tr(ATB) (63)

We would like to solve the problem

min
α,λ

E
(
‖C − ((1− α)Ĉ + αλI)‖2

2
)
. (64)
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Covariance matrix estimation with shrinkage

Since C is unknown, this problem cannot be solved. Instead, a representation of
the solution can be given that involves some unknown, yet useful, functions.

We have the identity

E
(
‖C − ((1− α)Ĉ + αλI)‖2

2
)

= α2‖C − λI‖2
2 + (1− α)2E

(
‖C − Ĉ)‖2

2
)
.

The optimal value for λ is

λ∗ = (C, I)

=
1
n

tr(C).
(65)

Plugging it back into the objective function above and minimizing over α we find

α∗ =
E
(
‖C − Ĉ‖2

2
)

E
(
‖Ĉ − λ∗I‖2

2

) . (66)
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Covariance matrix estimation with shrinkage

We claim that α∗ ≤ 1.

Indeed,

E
(
‖Ĉ − λ∗I‖2

2
)

= E
(
‖Ĉ − C + C − λ∗I‖2

2
)

= E
(
‖Ĉ − C‖2

2
)

+ ‖C − λ∗I‖2
2 +

(
(Ĉ − C), (C − λ∗I)

)
≥ E

(
‖Ĉ − C‖2

2
)
,

since
(
(Ĉ − C), (C − λ∗I)

)
= 0.

In summary, we have proved (61) with λ > 0 and α < 1.

One can set these values a priori, or use Monte Carlo simulation.

In the language of machine learning, the Ledoit-Wolf estimator is the update of
the sample covariance Ĉ by the shrinkage λI with learning rate α.
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Covariance matrix estimation with shrinkage

Various other approaches, including sparse L1 regularization, have been
proposed.

Bien and Tibshirani proposed the following approach. Consider the problem:

min tr
(
ĈC−1)+ log det(C) + λ‖Γ ◦ C‖1 subject to C ∈ Pn

+, C invertible.

Here, ◦ denotes the Hadamard (elementwise) product of matrices, and
‖A‖1 = 1

n
∑

i,j |Aij | is the L1-norm of a matrix.

Common choices for the matrix Γ are:
(i) the matrix of ones, Γij = 1, for all i, j ,
(ii) this matrix with zeros on the diagonal, Γii = 0, to avoid shrinking the

diagonal elements.

This problem is non-convex, and its solution requires special techniques.

As usual, the LASSO regularization encourages some entries of C to be exactly
zero.
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